JOURNAL OF THERMOPHYSICS AND HEAT TRANSFER
Vol. 8, No. 3, July—Sept. 1994

Nonlinear Dynamics of Laminar Boundary Layers
in Pulsatile Stagnation Flows

E. C. Mladin* and D. A. Zumbrunnen
Clemson University, Clemson, South Carolina 29634

In order to elucidate convective heat transfer in time-varying stagnation flows, a mathematical model was
developed to study the nonlinear dynamics of the hydrodynamic and thermal boundary layers within a planar
stagnation region to imposed temporal variations in both the freestream velocity and surface heat flux. Such a
model has practical utility in the study of heat transfer to gas turbine blades, to experimental ‘work involving
pulsatile stagnation flows, and to the development of miniature thermal sensors. Equations are not linearized
in order to preserve the influence of nonlinearities on dynamical behavior. As model parameters are varied,
dramatically different responses arise due to the influence of nonlinearities. Time-averaged Nusselt numbers
decrease with increasing pulse magnitude and are in excellent agreement with experimental results. Interactions
between variations in the incident flow velocity and surface heating lead to very complex behavior in the thermal

boundary layer, surface temperature, and Nusselt number responses.

Nomenclature U,
C = steady dimensional freestream velocity
gradient, C.V,/w U.x
C. = constant dimensionless freestream u

velocity gradient from potential flow
theory, Cw/V;,

C = friction coefficient, pow/dyl,_o/(pV3,/2) Us

Crs = ratio of instantaneous friction coefficient v,
to steady-state friction coefficient, C,/Cy, v

C, = instantaneous freestream velocity
gradient

¢, = specific heat at constant pressure w

d = cylinder diameter

f = frequency of imposed sinusoidal incident x
flow variation

fe = dimensionless frequency, fIC X

f. = frequency of imposed sinusoidal surface y
heat flux v

fox = dimensionless frequency, f,/C B

fisfor - .., fs = functions defined by Eqs. (24—28) r

h = - heat transfer coefficient

k = thermal conductivity s

Nu, = ratio of instantaneous Nusselt number to
steady-state Nusselt number, Nu,, /Nu,, A

Nuty g = time-averaged value of Nu., Eq. (32)

Nu,, = Nusselt number, Aw/k 8

Pr = Prandtl number

p = instantaneous local static pressure &

q, = surface heat flux

G, = dimensionless surface heat flux, Eqs. (22) &
and (34a) ,

Re, - = Reynolds number, Vw/v

Sr.. = Strouhal number, fw/V,, f.Cx n

T = fluid temperature 0

T, = surface temperature

T, = freestream temperature O,

t = time A
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instantaneous local velocity component
parallel to the surface in the freestream
dimensionless freestream velocity, U../V,,
local velocity component parallel to the
surface and within the hydrodynamic
boundary layer

dimensionless velocity, u/U.,
instantaneous incident flow velocity
local velocity component perpendicular to
the surface and inside the hydrodynamic
boundary layer

characteristic length scale, jet width or
cylinder diameter

distance along impingement surface from
stagnation line, Fig. 1

dimensionless distance, x/w

distance perpendicular to impingement
surface, Fig. 1

dimensionless distance, y/A
dimensionless thermal boundary-layer
thickness, CA%/v

normalized dimensionless thermal
boundary-layer thickness, I''T,
instantaneous thermal boundary-layer
thickness

instantaneous hydrodynamic
boundary-layer thickness

dimensionless peak to mean amplitude
for sinusoidal flow variation, Eq. (33)
dimensionless peak to mean amplitude
for sinusoidal surface heat flux variation,
Eq. (34) ‘

dimensionless distance, y/8
dimensionless fluid temperature,

(T - TK)/(T‘-U -T) }
dimensionless surface temperature,

(T\' - Tv«)/(Tm - Tw)

dimensionless hydrodynamic
boundary-layer thickness, C8%v
normalized dimensionless hydrodynamic
boundary-layer thickness, A/A,

dynamic viscosity

kinematic viscosity, w/p

mass density

dimensionless time, Ct

functions defined by Eqs. (17-19)
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Q. Q,Q, = dimensionless variables defined by Egs.
(13), (16a), and (16b)

® = function defined by Eq. (14)

Subscript

0 = corresponding to t = 0 and to

steady-state conditions

Introduction

NSTEADY flows over heated or cooled bodies are en-

countered in many engineering applications. Examples
include rotor-mounted blades in a gas turbine where flow is
periodically renewed in the vicinity of stationary nozzles and
miniature thermal sensors used to measure instantaneous flow
velocities or convective heat fluxes. In addition, pulsations in
an incident flow can be induced to alter the time-averaged
heat transfer characteristics of impinging jet flows.!? In all
such situations, a stagnation region is formed in which heat
transfer rates are often highest. In this study, a detailed math-
ematical model was developed to investigate the nonlinear
dynamics of the hydrodynamic and thermal boundary layers
within a planar stagnation region subjected to temporal var-
iations in the freestream velocity and/or surface heat flux.
Temporal variations in the surface heat flux are included,
because thermal sensors often rely on electronic control cir-
cuitry to regulate sensor temperature, and unsteady heat gen-
eration may occur in electrically or radiatively heated surfaces
and thereby directly influence the thermal boundary-layer
response.

Although a planar stagnation flow is considered, this study
is related broadly to the emerging field of nonlinear dynamics
and chaos. Chaos describes the unpredictable, long-term dy-
namic behavior of systems which are often amenable to pre-
cise mathematical modeling. Responses in such deterministic
systems are very sensitive to initial conditions, generate non-
periodic bounded solutions, and are comprised of a broad
spectrum of frequencies. For chaotic behavior to occur, a
governing system of coupled, first-order, ordinary differential
equations must consist of at least two equations for the non-
autonomous case (i.e., behavior influenced by applied forcing
functions), and of at least three equations for the autonomous
case (i.e., no external forcing). In addition, the system equa-
tions must include nonlinear terms in at least one dependent
variable.? In this study, nonlinearities are shown to arise when
a partial differential equation, which is linear in a dependent
variable, is used to obtain a dynamical equation for a related
dependent variable. Such imbedded nonlinearities demon-
strate that complex and possibly chaotic behavior may arise
even in situations where it is unexpected.

Several studies have been performed to illustrate chaos in
deterministic convective systems. Saltzman* and Lorenz® em-
ployed spectral methods to obtain an autonomous system of
three ordinary differential equations representing two-dimen-
sional Rayleigh-Benard convection from the Navier-Stokes
and energy equations. Although truncations and basis func-
tions employed in the spectral method constituted significant
approximations, the stability of convection cells was substan-
tially clarified and the temperature-dependent body force was
shown to lead to chaotic responses for certain combinations
of physical parameters. Similar approximate mathematical
models have been developed for natural convection in single-
or double-thermal convection loops and have been shown to
provide good agreement with experiment.® Chaos in double-
diffusive natural convection has also been considered.” Ap-
proximate dynamics models may be used to assess the influ-
ence of nonlinearities on flow instabilities in boiling heat transfer
occurring in water-cooled fuel assemblies of nuclear reactor
cores.® The aforementioned theoretical analyses can be em-
ployed to estimate parametric values which give rise to in-
stabilities and complex or chaotic behavior. Instabilities and
chaos may be beneficial in some instances if heat or mass
transfer is promoted. Enhanced convective heat transfer due
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to intermittency in impinging water jet flows' was obtained
experimentally with guidance from theoretical nonlinear dy-
namics models.® Alternately, if the onset of chaotic behavior
signals a breakdown in a desirable condition, engineering sys-
tems can be designed such that requisite parameters are not
encountered. Theoretical analyses in nonlinear dynamics, al-
though commonly approximate in order to permit tenable
computation times, are crucial in the planning of experiments
to investigate possible instabilities and chaotic behavior.

Kasza!" developed a mathematical model to study the ther-
mal response of a two-dimensional, unsteady, laminar, in-
compressible, constant property boundary layer in the vicinity
of a stagnation point. The temperatures of the fluid freestream
and surface were assumed to be uniform and not dependent
on time. Upon employing power series solutions to the con-
servation equations for momentum and energy, a system of
two ordinary differential equations was obtained for the tran-
sient responses of the surface heat flux and wall shear stress.
Sinusoidal pulsations in the incident freestream velocity yielded
elevated surface heat fluxes. However, the imposed constant
surface temperature in conjunction with a varying surface heat
flux is physically restrictive and may account for the calculated
enhancements. Andraka and Diller'" performed an experi-
mental investigation of the effects of a sinusoidal variation
about a mean flow velocity with magnitudes as high as 25%
on the local time-averaged heat transfer in the front stagnation
region of a stationary cylinder in an air crossflow with Re, =
50,000 and Strouhal numbers Sr, (=fd/V,) less than about
0.24. Time-averaged convective heat transfer was found to
be unaffected by the sinusoidal flow variations. No discernible
influence on time-averaged heat transfer was measured for
the related situation'? in which a cylinder oscillates in either
the flow direction or perpendicular to the flow with 750 <
Re, < 6000 and Sr, < 0.007. Although some of the afore-
mentioned experimental studies revealed no significant effects
on time-averaged heat transfer, it should be noted that only
limited combinations of major parameters (e.g., pulse mag-
nitude and frequency, pulse waveform, Prandtl number) have
been considered. As will be shown, these limited experimental
results are consistent with the model predictions of this study.
At higher pulse magnitudes, model predictions and more re-
cent experiments indicate that reductions in time-averaged
Nusselt number occur.

The stagnation region which is considered in this study is
depicted in Fig. 1. Such flows arise beneath impinging planar
or “slot” jets, on a cylinder or sensor filament in a crossflow,
or in the front stagnation region of any bluff body, such as
gas turbine blades, where the frontal surface can be effectively
represented by a tangent plane. Although V, and the free-
stream stagnation velocities U,. and V.. may be unsteady, it
is assumed that symmetry in the flow is preserved about the
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Fig. 1 Unsteady planar stagnation flow on a surface with imposed
time-dependent heat flux and incident flow velocity.
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stagnation line. The hydrodynamic and thermal boundary lay-
ers are thereby spatially constant in the vicinity of x = 0.
Forcing functions which are selected for the incident flow
velocity become identical to those for steady flow beyond the
hydrodynamic boundary layer when temporal variations cease.
The steady-state velocity components are given by'?

U, =Cx (1a)
V.= —-Cy (1b)

where
C = C.V,/w (1¢)

A periodic heat flux g,(r) at the impingement surface (y =
0) is specified and the temperature 7. is a constant. The
velocity gradient C, depends on the steady flow characteristics
and the surface geometry, and can be calculated from poten-
tial flow theory or from experimental measurements.!*~'¢ In
the analysis that follows, C. is found to influence the dimen-
sional transient response significantly. Values for some com-
mon stagnation flows have been tabulated” and may be used
to adapt the dimensionless results of this study to a specific
application.

Theoretical and experimental studies have shown that the
local heat transfer coefficient is spatially constant to within
1% over a distance equal to about one-half jet width from
the stagnation line of a laminar planar jet with a uniform fluid
discharge velocity across the nozzle width.'* This uniformity
is attributable to the symmetry of the impinging flow (Fig. 1)
and extends the validity of this study to regions away from
the stagnation line. Laminar flow is assumed so as to provide
physical insight into the nature of transient effects and thereby
illuminate important phenomena which may be the subject
of future experimental work. Such solutions are of direct util-
ity when the characteristic dimension of a cylinder or nozzle,
and thereby the associated Reynolds number, is small. Ex-
amples include miniature jets which may be used to cool
assemblies of microelectronic or micromechanical compo-
nents, and fine diameter wires or elements employed in var-
ious thermal flow or heat flux sensors.

Analysis

Description of Analytical Method and Assumptions

Consideration of transient effects in convection often pre-
cludes an exact analytical approach since transient terms that
are routinely omitted in many convection studies must be
retained. For example, where transient effects can be incor-
porated with similarity methods, restrictions are often nec-
essary regarding functional relationships between variables.'”
Calculations in this study must be performed over large time
intervals to reveal important characteristics due to nonlin-
earities in the equations governing the transient responses.
Direct numerical models to the transient, two-dimensional
problem considered here would therefore be extremely time-
consuming computationally. A solution methodology was
sought which is consistent with approaches used in recent
studies of the nonlinear dynamics and chaos of thermal sys-
tems and discrete mechanical systems. The responses of such
systems are commonly represented by a system of first-order,
ordinary differential equations. Where the system response
is governed by partial differential equations as in this study,
spectral, Galerkin, or perturbation methods'® are often em-
ployed to obtain a corresponding system of first-order, or-
dinary differential equations.*-%!* Approximations are in-
voked in all cases during the derivation of the resulting systems
of equations either by truncating series representations or in
selecting basis functions for dependent variables. The ap-
proach which was selected is related to the von Karman-
Pohlhausen technique. This technique has been widely ap-
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plied in studies of hydrodynamic boundary layers on airfoils,
where the hydrodynamic boundary layer is significantly influ-
enced by a pressure gradient,'* as in stagnation flows, and
was recently extended to transient boundary layers.? In the
related technique implemented here, equations for momen-
tum and energy conservation in their integral and differential
forms are used with temporally adaptive profiles for fluid ve-
locity and temperature to obtain governing equations for the
hydrodynamic and thermal boundary-layer responses.

The problem was solved under the following general as-
sumptions: 1) incompressible laminar flow, 2) constant ther-
mophysical properties, 3) negligible viscous heating, 4) neg-
ligible body forces in comparison to viscous forces, 5) constant
T.., and 6) A < 8. The last assumption restricts the model to
fluids with Prandtl numbers greater than about unity. How-
ever, results have been shown in a related study® to remain
accurate to within 2% for Pr > 0.7.

Conservation Equations and Boundary Conditions

Transient boundary-layer equations for momentum con-
servation in differential and integral forms, which corresponds
to the aforementioned assumptions and stagnation flow in Fig.
1, are

3 d d 19 92
—u+u—u+vtﬁ=—-'£+1/ If (2)
at ox ay pax ay-
F & ED) ar
oo W T U ) wu m U dy
aU,, (® 1 (%0 a
G gy Ly 2 (3)
ax Jo pJo dx ady v=0

The associated transient boundary-layer equations for energy
conservation, in differential and integral forms, are

T aT aT 2
po, (2 + w4 o2 = 2T )
ot ax dy ay*
A 9A 9 [ k oT
- T dy T.— + — w(T — T.)dy = L
at Jo ot ax cp ay y=0
®)

With reference to the unsteady stagnation flow in Fig. 1, &
=8x,80,A =Alx, ), u = ulx,y,0),p = px,n, U, =
UJx,t),and T = T(x, y, t) in Egs. (2-5).

The differential forms of the momentum and energy con-
servation equations [Eqs. (2) and (4)], and physically appro-
priate matching conditions which must be satisfied by speci-
fied expressions for u(x, y, ) and T(x, y, t), give the following:

Surface (y = 0)‘

u=20 (6a)
v=20 (6b)
ou
6—t = 0 / (6C)
_ 1o 9%u

0= oo + oy (6d)
=T, (7a)

T T
a_re (7b)
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Edge of hydrodynamic boundary layer (y = 8)

u=U.x,t) (8a)
u
5 =0 (8b)
u
Pl 0 (8¢c)

Edge of thermal boundary layer (y = A)

T=T. (9a)
aT
— = 9b
” (9b)
T

= 9
o (50)

Beyond the hydrodynamic boundary layer (y > 8), u =
U. and the flow is governed by the time-dependent Euler
equation below:

aU., U, 139
zypy = 2 (10)
ot ax p ox

Since dp/dy << dp/ax across the velocity boundary layer, Eq.
(10) relates the pressure gradient dp/ax in Egs. (2), (3), and
(6d) to the freestream velocity U...

Model Formulation

Physically correct and temporally adaptive polynomial pro-
files of fourth order were implemented to represent flow ve-
locity and temperature across the hydrodynamic and thermal
boundary layers. Transient effects are incorporated in the
velocity profile by Eqgs. (8a) and (10) coupled with Eq. (6d),
and by temporal changes in the thickness of the hydrodynamic
boundary layer. Similarly, transient effects are incorporated
in the temperature profile through the energy balance in the
fluid at the impingement surface given by Eq. (7b) and by
temporal changes in the thickness of the thermal boundary
layer. The influence of the hydrodynamic boundary-layer re-
sponse on the transient thermal boundary-layer thickness is
included via advective terms appearing in the energy conser-
vation equation [Eq. (5)]. When subject to Egs. (6—10), and
expressed in dimensionless forms, the appropriate polyno-
mials are given by Egs. (11) and (12)

- 6 )" 2" 2
+<1——AFQ'->TI4 an

0 =0, <2e+ )B-i—wﬁ + (20, - 0)B?

+ (g - e_,.) B (12)
where

e

o =T % %Oj (14)

Upon combining Eqgs. (3), (10), and (11) and carefully ob-
serving functional dependencies, a partial differential equa-
tion for the hydrodynamic boundary layer 8(x, f) results in
which explicit functions of the spatial variable x appear only
as products with d8/dx. The symmetry in the dividing flow
about the stagnation streamline and the associated spatial
constancy of the hydrodynamic boundary layer (98/0x = 0)
is invoked to remove all such terms. An ordinary differential
equation with ¢ as the sole independent variable is thereby
obtained and is given below in terms of A and 7:

dA 1
ar 20[(9 +Q)—A—3] = =24+ YA
— V,AZ — PAP (15)
where

Qly= Ui* a(ajT (16a)
e e

¥, = 20, + 20, 17)

¥, = L0} + 200, + 203 (18)
Y, = (Q, + Q,)%0, (19)

The governing transient, ordinary differential equation for
O, is obtained from an energy balance at the surface, with
the dimensionless temperature gradient 86/38], -, in the fluid
determined from Eq. (12)

oT k 90
= -k~ =-T(T,-T)= 20
e ay y=0 A ( ) Bﬂ B=0 ( )
des 172 _
ar Prr (g« — 20,) (21)

where g, is the imposed dimensionless heat flux at the surface
and is defined by

v = T, T )

With the condition dA/ox = 0, Egs. (5), (11), and (12) yield
the ordinary differential equation for the time-dependent I':

g_ _h 172 _%_ ‘1/22_8h
d7<4 esr T oPr ! Pr O,

+ I'2f(A, ©,) — IP?fy(A, 8,) — ¥, (A, 6,)

= (A, ©)

+ I'"2f(A, ©,) (23)
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where

1 dg,.

1
— -2 - V2 o
filh, ©) = 40,0712 4 SW AR - o 20

(24)
£, 8) =3[, + QA7 + SWAP)(g,./0))]  (29)

fi(A, ©,) = WA~ — SO,AT + 3W,(q,/0,)]  (26)

fi(A, ©) = A2 {I:%/\m + (%):l QA1

s

2A—12 l s
. [m + 4(&)]“"‘} @1

f(A, 0,) = Z(qu/O)A QAT — W) (28)

v, = (Q, + 0,)0, (29)

The convective heat transfer coefficient is obtained from
Newton’s law of cooling and Eq. (20):

LT e
h = -0 _ B B=0 30
=TT - ea 30

With the temperature gradient at the surface obtained from
Eqgs. (12) and (14), Nusselt number is given by

w

Nu,, =
u, \/F

TPr des> 31)

(Chv) (2 + ga dr

The dimensionless variables g, [Eq. (22)] and O, [Eq. (21)]
depend only on 7, and Nu,, is thereby spatially constant, as
expected in the stagnation region. In order to assess whether
time-averaged heat transfer is affected, a time-averaged Nus-
selt number is defined in Eq. (32) which is referenced to the
corresponding steady-state value. Equation (32) is based on
an instantaneous energy balance at the surface and thereby
gives results equivalent to what would be measured experi-
mentally. No influence on heat transfer is indicated when
Nu ., = 1. Integration was performed over a large number
n of pulsation periods 1/f. to ensure accuracy to within the
smallest decimal place in all reported values:

nif, nlf,
Nuy g = < Nu,©O, d’T/f o, dT) (32)
0 0

Forcing Functions for Flow and Surface Heat Flux

An important advantage of the present model is that bound-
ary-layer behavior can be predicted for any specified temporal
variation in the freestream velocity U.«(xx, 7) (= U../V,) in
Eq. (8a) or surface heat flux g,.(7) in Eq. (22), as long as the
variations are piecewise smooth. Since the precise character-
istics of temporal flow variations are dependent on specific
physical circumstances, the general features of Eq. (1) for
steady stagnation flow were assumed to apply so as to obtain
forcing functions which converge on the steady flow case as
forcing frequencies approach zero. Therefore, transient terms
were introduced by assuming that the dimensionless velocity
gradient C, from potential flow theory remains unchanged
and that unsteadiness in the incident velocity V(r) (Fig. 1)
induces temporal variations in the dimensional velocity gra-
dient C,. The influences of the flow characteristics and surface
heat flux variations are assessed by considering responses to
two otherwise unique forcing functions for U, .(x:, 7) and
g,+(7). Sinusoidal forcing functions were specified about ini-

tial, steady-state values and are given in Eqs. (33) and (34)
with0 < g < land 0 <eg, <1by

u(1) = Cexs[l + &, sinQ2afr)] (33)
4oe(7) = Guoe[l + 2 sin(27f,7)] (34a)

where
dus = (V) (34b)

Solution Methodology and Model Verification

Steady-state values A, I'y, and g+ were determined from
Egs. (15), (21), and (23) with all time-derivatives set to zero

and ©, = O, = 1. The secant method® was used to solve
| —— 9
oR-3
18
o8
17
L O7F I'«(Pr=0.7)
~ os 18
. I'«(Pr=15.0) *
O os 1s 3
N Z
< 04 da
03
02 Nu.(Pr=15.0) 43
o Nu.(Pr=0.7) {2
0 !

Fig. 2 Unforced transient responses of the hydrodynamic and ther-
mal_boundary-layer thicknesses and Nusselt number with Nu,,/
w\/Clv(Pr = 0.7) = 0.5008, Nu,,/w\/Clv(Pr = 15) = 1.5823, I'(z
=0) = 0, [y(Pr = 0.7) = 15.9513, ['y(Pr = 15) = 1.5977, O(7 =
0) = 0, A(r = 0) = 0, and A, = 7.052324.
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Fig. 3 Response due to sinusoidal flow pulsations [Eq. (32)] and
steady surface heat flux (£, = 0) with f, = 0.01, £, = 0.60, Pr =
6, Nu,o,/w\Clv(Pr = 6) = 1.1378, and I'y(Pr = 6) = 3.0896: a)
dimensionless boundary-layer thicknesses and surface temperature and
b) Nusselt number.
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fx=0.50

8_
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2f r ]
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a) 0 05 1 1.5 2 25 3 35 4 4.5 5
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Fig. 4 Influence of frequency on the response due to sinusoidal flow
pulsations [Eq. (32)] for a constant surface heat flux (¢, = 0) with
g, = 0.10, Pr = 6, Nu,o/w\/Clv(Pr = 6) = 1.1378, and T'(Pr = 6)
= 3.0896: a) dimensionless boundary-layer thicknesses and surface
temperature and b) Nusselt number.

the resulting nonlinear equations to within a convergence tol-
erance 10-°. Runge-Kutta algorithms were implemented to
obtain numerical solutions to the three ordinary, nonlinear
equations differential equations for A, ©,, and I'. Variable
dimensionless time steps were incorporated in the algorithms
to reduce computational time, because calculations sometimes
extended over several thousand periods of the forcing func-
tions in order to illuminate the nonlinear dynamic response.
Beginning time steps were selected as small fractions of the
unforced response time (see below) or of the forcing function
period. Maximum time steps were controlled and were suc-
cessively halved until differences in successive computations
were within a tolerance of 10-°. In addition, both fourth-
order and fifth-order Runge-Kutta algorithms were used to
ensure algorithm-independence in the calculated results. Power
spectral densities were determined from results calculated with
constant time steps equal to the smallest time step encoun-
tered in the respective solution with the variable time step
approach.

The model was verified by comparison under steady-state
conditions to known analytical solutions, and under transient
conditions to experimental results for stagnation flows about
cylinders and spheres. Values of A, and I, were identical to
those reported by Zumbrunnen,® and calculated Nusselt num-
bers were determined to be within 1-2.3% of those obtained
from the similarity solutions for flow past a wedge.?! Van der
Hegge Zijnen?? reported that Nusselt numbers for a 0.005-
mm-diam tungsten wire in an air crossflow decreased up to
4.3% when the wire was vibrated with amplitudes up to 45%
of the flow velocity. A similar study was performed later by
Sreenivasan and Ramachandran.?® Experimental correlations
were developed in both studies. Results for Nu,, with constant
surface heat flux and sinusoidal flow variations agree to within
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0.01,0.10,0.25
a) 0 05 1 15 2 2.5 3 3.5 4 45

«n

092 v .

b) fs1

Fig. 5 Influence of amplitude £, on the response due to sinusoidal
flow pulsations [Eq. (32)] for a constant surface heat flux (¢, = 0)
with f, = 0.1, Pr = 6, Nu,o/w\/Clv(Pr = 6) = 1.1378, and I'y(Pr
= 6) = 3.0896: a) dimensionless boundary-layer thicknesses and sur-
face temperature and b) Nusselt number.

1% of both experimental correlations for flow variations within
the range of the correlations (i.e., f < 47 Hz).

Results and Discussion

Equations (15), (21), and (23) constitute a nonautonomous
system of three coupled, nonlinear, ordinary differential
equations which govern the transient responses of the hydro-
dynamic and thermal boundary layers and surface tempera-
ture in terms of the variables A, I', and ©,. When taken
together with the forcing functions for incident flow velocity
and surface heat flux given by Eqgs. (33) and (34), solutions
in terms of 7 are dependent on the parameters Pr, C., ¢, &,
f«, and f_«. The responses are strongly influenced in dimen-
sional terms by C. Freestream velocity gradients are smaller
in stagnation flows with larger characteristic dimensions, and
the hydrodynamic and thermal boundary layer responses are
thereby less rapid for impinging jets with larger widths or for
cylinders, turbine blades, or sensor bodies in a crossflow with
larger diameters or chord sizes. Values of C for cylinders and
planar jets® may be used to convert the scaled or dimensionless
results presented in this study to dimensional values for spe-
cific applications.

Before proceeding with the boundary-layer dynamics and
transient heat transfer due to temporal changes in the incident
flow velocity and/or surface heat flux, it is of interest to con-
sider the unforced response of Eqs. (15) and (23) to ascertain
the boundary-layer behavior with no applied external stim-
ulus. For the unforced response shown in Fig. 2, constant flow
and surface heat flux are specified (¢, = 0; &, = 0) and both
A and T are initially assigned values of zero. [To avoid sin-
gularities at 7 = 0, integration was performed initially with
limiting representations of Egs. (15) and (23) as A, I’ — 0.2¢]
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]

a)

‘NU*-

0.25 )

. 1 s 2 25 3 35 4 45 s
b) fq*T

Fig. 6 Influence of the amplitude £, on the response due to sinusoidal

heat flux pulsations [Eq. (33)] for steady flow (g, = 0) with f,, =

0.01, Pr = 6, Nu,o/w\/Clv(Pr = 6) = 1.1378, and I'y(Pr = 6) =

3.0896: a) dimensionless boundary-layer thicknesses and surface tem-

perature and b) Nusselt number.

The thermal boundary-layer response in terms of I" lags the
hydrodynamic boundary layer in terms of A. Corresponding
Nusselt numbers Nu,, relative to the steady-state value Nu,,
were calculated from Eq. (31). As boundary-layer develop-
ment proceeds (Ax, I'x — 1), the ratio Nu/Nu, approaches
the steady-state value of unity. Thermal boundary-layer de-
velopment is more rapid for Pr = 0.7 than for Pr = 15, since
heat is transferred more readily in fluids with higher thermal
diffusivities. L

The transient. responses of A, I', O, and Nu, due to the
sinusoidal variation in the incident flow velocity given by Eq.
(33) are shown in Fig. 3 for a constant surface heat flux (e,
= 0) with Pr = 6.0, f, = 0.01, and &; = 0.60.-(In all figures
which follow, responses begin from steady-state conditions.)
Responses for 0 < f. < 0.06 and 0 < ¢; < 0.60 were quali-
tatively similar, since the responses of both boundary layers
are sufficiently rapid to follow the dynamics of the incident
flow velocity when the disturbance periodicity is much greater
than the durations for the unforced time responses in Fig. 2.
Nusselt numbers in Fig. 3b become larger during periods of
decreasing boundary-layer thickness, and smaller during pe-
riods of increasing boundary-layer thickness. Time-averaged
values of A and I' increase by about 30%, and the time-
averaged Nu, [Eq. (33)] decreases by about 7.3%. Experi-
mental work? reported recently found that time-averaged
stagnation line Nusselt numbers for a pulsating planar water
jet impinging on a constarit heat flux surface decreased with
pulsation frequency. Experimentally determined decreases,
which were not influenced by distortions in the jet free sur-
face, agree to within 2% of the model predictions. Thus,
nonlinear dynamical effects might be utilized to reduce heat
transfer to surfaces, such as frontal regions of gas turbine
blades, exposed to a periodic stagnation flow.
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Fig. 7 Influence of the amplitude &, on the response due to sinusoidal
heat flux pulsations {Eq. (33)] for steady flow (¢, = 0) with f,, =
08, Pr = 6, Nu, o /w\Clv(Pr = 6) = 11378, and I'y(Pr =
6) = 3.0896: a) dimensionless boundary-layer thicknesses and surface
temperature and b) Nusselt number.

In Fig. 4, as f, is raised, an initial transient becomes evident
over the first two cycles, and nonlinearities cause the re-
sponses to become markedly different from those in Fig. 3 at
low frequencies. The response for A diverges from sinusoidal;
however, Nusselt numbers beyond the initial transient deviate
equally about the steady-state value (Nu,,/Nu,, = Nu. = 1).
In Fig. 5, as the magnitude ¢, for the incident sinusoidal flow
variation increases with f, = 0.1, maximal departures from
mean values become greater and corresponding time-aver-
aged Nusselt numbers increase by less than 2%. Thus, small
enhancements are predicted for high-frequency pulsations.

Results pertaining to the sinusoidal surface heat flux vari-
ation [Eq. (34)] and steady flow (¢; = 0) are shown in Fig.
6. The hydrodynamic boundary-layer thickness A = A, =
7.052324 in the steady flow. Departures in the thermal bound-
ary-layer thickness from steady state remain small even as the
magnitude ¢, of the heat flux variation increases from 0.25
t0 0.90. Small departures occur since the dimensionless period
for the variations (f 74 = 100) is much larger than the duration
of the unforced time response in Fig. 2. However, variations
in the surface heat flux affect preferentially the temperature
gradient in fluid layers near the surface, yielding more sig-
nificant variations in ©, and Nu,,. Interestingly, for &, = 0.50
and &, = 0.90, decreases in Nusselt numbers occur more
slowly than do increases. The simple periodic response for O,
reflects the linearity of the energy equation in terms of tem-
perature, as expected. Although not presented, calculations
were performed in the range 0.01 < f, . < 0.10, and quali-
tatively similar responses were found. For f, . > 0.10, the
responses of Fig. 6 marked by different behavior during in-
creasing and decreasing Nusselt number no longer occurred.
Results for these conditions are given in Fig. 7. For these
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Fig. 8 Response due to simultaneous sinusoidal flow and surface heat
flux pulsations with f, = 1, £, = 0.10, f,, = 0.67, &, = 0.25, Pr =
6, Nu,,/w\/Clv(Pr = 6) = 1.1378, and I'y(Pr = 6) = 3.0896: a)
dimensionless boundary-layer thicknesses and surface temperature and
b) Nusselt number.

higher dimensionless frequencies, the rapidity of the surface
heat flux variations greatly exceeds the unforced response
time for I (Fig. 2) and departures from the steady-state value
I, are thereby larger than in Fig. 6. Moreover, the mean
value of I" increases with ¢,. Following an initial transient (0
< 7 < 2), the thermal boundary-layer dynamics lead to si-
nusoidal variations in Nu,, with peak deviations from the ini-
tial steady-state value Nu,,, comparable to ¢,.

Responses when the incident freestream velocity and sur-
face heat flux simultaneously vary according to Egs. (33) and
(34) were studied systematically over the parametric ranges
0.7 < Pr<15,0.01 <f, <0.40, 033 < f,«/fx <4,0.06 <
£, <0.6,and 0.1 < &, < 0.9. In all cases, the Prandtl number
had little effect on the nature of the thermal boundary layer
and Nusselt number responses. As oscillation amplitudes ¢,
and ¢, were raised above 30%, the time-averaged boundary-
layer thicknesses increased, but increases became progres-
sively smaller and limiting values were approached. The time-
averaged Nusselt number remained close to its steady-state
value (Nux ,,, = 1). When the forcing frequencies f. and f, .
were varied within the ranges above, Nu. ,,, also remained
close to unity. However, the instantaneous responses differed
markedly, owing to nonlinearities in the governing equations.
Results exhibited a strong sensitivity to the ratio m = f./f .
of the two forcing frequencies. When the frequency ratio m
was an integer, periodical behavior ensued with a waveform
consisting of m principal frequencies. When m was rational,
the number of principal frequencies equalled the integer clos-
est to m and various secondary frequencies accompanied each
component frequency. This type of response is often called
multiperiodic. When by contrast s was irrational, the number
of secondary frequencies increased considerably. The forcing
frequencies in this case are said to be incommensurate, and
the response is referred to as quasiperiodic since the principal
frequencies remain distinctive even as the number of second-
ary frequencies become larger. However, when the frequen-
cies are incommensurate, the frequency spectrum broadening
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Fig. 9 Phase portraits for the conditions in Fig. 8: a) dimensionless
boundary-layer thicknesses and surface temperature and b) Nusselt
number.

may become more pronounced as a parameter is altered, and
chaotic behavior may result.?” Two particular cases were cho-
sen to illustrate complex and qualitatively different responses.
Due to the complexity of the solutions, results are expressed
in terms of phase portraits, Poincaré maps and Fourier spectra
in addition to the temporal variations. It should be noted that
the set of irrational numbers is larger than the set of rational
numbers. Thus, quasiperiodic behavior is not an unlikely con-
dition in doubly forced systems.

The dynamics for Pr = 6, f. = 0.33, ¢, = 10%, f,./f« =
2.01, and &, = 25% are presented in Figs. 8—10. Results for
Prandtl numbers of 0.7 and 15 were qualitatively similar under
identical conditions. The A in Fig. 8a follows the dynamics
of the flow velocity with a phase delay of one-half cycle.
Although not shown, similar responses were obtained for Cp.
In Figs. 8a and 8b, two major frequencies which correspond
to fx and f, . can be noticed in the temporal variations of T’
and Nu,. The time-averaged surface temperature and Nusselt
number remain close to their steady-state values (O, = 1 and
Nu, = 1), even though the time-averaged value of I increases
by about 1%. The thermal boundary layer and Nusselt num-
ber variations lag the surface temperature response which has
a comparatively small amplitude. For the sake of clarity, the
phase portraits presented here include only sufficient results
to depict the nature of individual trajectories. The phase por-
trait of A in Fig. 9a shows a closed orbit with a very short
starting transient spanning less than two cycles of the forcing
function for U.. (Starting transients in the phase portraits
have been retained to exhibit the trajectory from the initial,
steady-state conditions.) The simple orbit arises since the mo-
mentum equation is uncoupled to the energy equation with
the assumption of constant thermophysical properties invoked
in the analysis. When the response of a dependent variable
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Fig. 10 Response due to simultaneous sinusoidal flow and surface
heat flux pulsations with f, = 0.0942, £, = 0.20, f,, = 0.03,
g = 0.80, Pr = 6, Nu,o/w\/Clv(Pr = 6) = 1.1378, and I',(Pr
= 6) = 3.0896: a) dimensionless boundary-layer thicknesses and sur-
face temperature and b) Nusselt number.

is influenced by two forcing functions of different frequencies,
as for I', ©,, and Nu., the motion in a phase plane appears
to take place on the surface of a torus [doughnut-shaped
figure].?> Because the ratio f. /f, . of the two forcing frequen-
cies is a rational number in Fig. 9, it is expected that the
trajectory on the torus will close and thereby repeat. A simple
torus is evident in Figs. 9a and 9b, where two major loops of
the torus correspond to the two forcing frequencies and in-
dividual orbits within each major loop reveal the existence of
secondary periodicities.

In order to further characterize the dynamic behavior given
in Fig. 8, a time series was constructed of the peak values of
I'. The successive value T, , in the series was then plotted
against the previous value I',. Such a plot, known as a first-
return map, is a type of Poincaré map and depicts periodic
motion as a finite number of points. For example, a pure sine
wave response of amplitude one would yield a single point at
(x, y) = (1, 1), whereas a chaotic response yields an un-
bounded number of points as time approaches infinity which
may form a fractal structure. Each point in a Poincaré map
would correspond to a distinct orbit in the phase portrait for
I' (Fig. 9a). Although not shown, a Poincaré map was con-
structed for I' in Fig. 9a which consisted of a set of points
forming a very narrow loop, twisted once near I',, = 3.7, and
nearly symmetric about the main diagonal (I', = I, |). Thus,
at each I',, the loop yielded two possible future values I',,, |,
revealing some small unpredictability in the system history.
The power spectral density (PSD) for T'(7) revealed discrete
frequencies at the principal forcing frequencies f. and f,. and
their related harmonics. Although complex with some degree
of unpredictability, the response may be classified as multi-
periodic.

Quasiperiodic behavior is of interest here since it is a known
route to chaotic response and since incommensurate fre-
quencies in doubly forced systems are not unlikely (see above).
A very complex response due to quasiperiodic behavior with
Pr=6,f. =009, ¢ = 20%, f«/f+ = /mand &, = 80%
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Fig. 11 Phase portraits for the conditions in Fig. 10: a) dimensionless
boundary-layer thicknesses and surface temperature and b) Nusselt
number.
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Fig. 12 Characterizations of the thermal boundary-layer response

for the conditions in Figs. 10 and 11: a) Poincaré map and b) Fourier
spectrum.

is shown in Figs. 10-12. Unlike conditions for Figs. 8 and 9,
the frequency for the flow variation is larger than the fre-
quency for the surface heat flux variation, and the amplitude
of the flow variation is smaller. Responses in Fig. 10 for T,
O,, and Nu, are more complex and variable than those in
Fig. 8; however, the response for A is qualitatively similar.
The time-averaged surface temperature and Nusselt number
remain close to their steady-state values (O, = 1 and Nu, =
1), even though the time-averaged value of T increases by
about 4%. The trajectories in the phase portraits of Fig. 11
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reveal greater frequency content in the response. Noteworthy
is that the response patterns differ for each variable: A—a
single periodic orbit; I'—a variable diameter coil with orbits
most frequently at the smaller diameters; ©,—a torus; Nus—
a combination torus and coil. Comparison of Figs. 9 and 11
reveals that the torus structure in the phase portraits, which
is a characteristic of multiperiodic and quasiperiodic re-
sponses, degenerates and leads to spurious trajectories in Fig.
11. The Poincaré map is shown in Fig. 12a. Its lack of sym-
metry around the main diagonal (I', ., = I)) indicates that
trajectories calculated with forward time steps differ from
those calculated with backward time steps. Thus, it is increas-
ingly difficult to predict past behavior from a current condi-
tion. In Fig. 12b, the Fourier spectrum of I' includes a mul-
titude of frequencies other than the forcing frequencies f, and
f,« or their harmonics. This broadening frequency content
and the Poincaré map in Fig. 12a points to increasing com-
plexity in the response. Hence, the dynamics of I', O,, and
Nu,. are tending towards unpredictability. However, the re-
sponse is nonchaotic since the largest Lyapunov exponent was
found to be —0.9862. A negative Lyapunov exponent is con-
sistent with the closed loop in Fig. 12a and indicates insuffi-
cient sensitivity to initial conditions for chaotic behavior. If
such complex behavior is encountered in a thermal sensor
application, intervention by associated electronic control cir-
cuits may prove ineffective and lead to a chaotic response. A
return to a simpler periodic response might be achieved through
recently developed techniques in which details of the Poincaré
map are used to determine conditions when a system can be
nudged from a chaotic response by altering effective param-
eters or by selectively exciting dependent variables.?® More-
over, since chaotic responses are comprised of a continuum
of simpler unstable periodic responses, it is suggested that
convective heat transfer might be favorably altered by causing
a system to follow preferred orbits in phase space. A theo-
retical basis for this suggestion has been recently established.?
The model developed in this study can be used to assess the
viability of such approaches.

Conclusions

A detailed semianalytical model was developed to study
the nonlinear dynamics of laminar boundary layers in a planar
stagnation region due to temporal variations in the surface
heat flux and incident flow velocity. Model predictions are in
excellent agreement with reported experimental heat transfer
results. For the sinusoidal variations imposed in this study,
results indicate that instantaneous hydrodynamic and thermal
boundary-layer thicknesses and Nusselt numbers deviate sig-
nificantly from steady-state values. Markedly different in-
stantaneous responses arise due to the influence of nonlin-
earities. Very complex excursions in convective heat transfer
coefficients may be caused by an interaction between varia-
tions in the flow and imposed changes in surface heating. Over
the ranges in parameters investigated, sinusoidal variations
in the incident flow velocity induce decreases in time-averaged
Nusselt numbers which might prove useful in reducing heat
transfer to gas turbine blades exposed in situ to time-varying
flows. Small increases in time-averaged Nusselt number occur
at higher frequency pulsations of small amplitude. This result
suggests that nonlinear dynamical effects enhance heat trans-
fer in turbulent stagnation flows.
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